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ERGODICITY COEFFICIENT AND PERTURBATION
BOUNDS FOR CONTINUOUS-TIME MARKOV CHAINS

A. YU. MITROPHANOV

(communicated by I. Pinelis)

Abstract. For thedistribution of afinite, homogeneous, continuous-time Markov chain, we derive
perturbation bounds in terms of the ergodicity coefficient of the transition probability matrix.
Our perturbation bounds improve upon the known results. We give sensitivity bounds for the
coefficient of ergodicity, providing a sufficient condition for the uniqueness of the stationary
distribution of the perturbed Markov chain. These results are used to obtain estimates of the
speed of convergence for singularly perturbed Markov chains.

1. Introduction

In many areas of application of Markov chains, such as physics and chemistry, the
numerical values of some parameters of amodel chain must be taken from experiment.
The experimental data surely are not absolutely accurate, and we are interested in
knowing how the uncertainties in the parameter values affect the distribution of the
chain under study. We may also want to solve the inverse problem: how accurate
should our experimental data be to guarantee a given accuracy of determination of the
distribution vector? This can be accomplished if we have computable estimates of
sensitivity of the distribution vector to changesin the parameters.

We shall investigate the question of sensitivity to perturbations in the following
setting. Consider two homogeneous, continuous-time Markov chains, X = {X(t),t >
0} and X = {X(t),t > 0}, with finite state space . = {1,...,m} (m > 2) and
generators Q = (q;) and Q = (Gjj), respectively (Q # Q). Let p(t) = (pi(t))
and p(t) = (fi(t)) be the respective state probability vectors of X and X (we regard
vectors as row vectors). Our goal is to estimate the change in the distribution, z(t) :=
p(t) — p(t), a atime t > 0, given the change in the generator, E := Q — Q, and the
changeintheinitia distribution.

For arbitrary X and X, the following inequality holds:

1B(t) —p®)[l < IP(0) —p(O)[[ + TIE[,  0<tLST <oo, (11)

where || - || denotesthe |1 -norm (absolute entry sum) for vectorsand the corresponding
induced norm (maximum absol ute row sum) for matrices; see [8, 10, 15]. It was shown
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in[9] that if X hasaunique stationary distribution, then theinequality in (1.1) is strict.
The uniqueness of the stationary distribution also makes it possible to obtain bounds
that are uniform over infinite time intervals. We study such bounds in this paper, and
from now on we assume that X does have a unique stationary distribution, 7.
The two main approaches to bounding sensitivity to perturbations on infinite time
intervals are:
(a) toobtainsensitivity boundsusing exponential boundson the speed of convergence
to stationarity [1, 5, 9, 15, 16];
(b) to obtain sensitivity bounds in terms of the |, ergodicity coefficient of the tran-
sition probability matrix, P(t) [2, 3, 4].
When used as amodeling tool, a Markov chainis often solved numerically by applying
standard methods. In such cases, it may be desirable to analyze the sensitivity to
perturbations using the knowledge of P(t) for some t > 0 (exponential convergence
bounds often are not easy to obtain). Thisjustifiesthe devel opment of the approach (b),
which isthe main purpose of our paper. In Section 2 we obtain new perturbation bounds
improving upon the results of Anisimov [3]. In Section 3 we study perturbations of the
ergodicity coefficient of P(t), whichalowsusto analyzethe sensitivity of the perturbed
chain. Section 4 isdevoted to applicationsof our resultsto singularly perturbed Markov
chains; for abackground on such chains, see [6, 7, 13, 14].

2. Theergodicity coefficient and sensitivity
with respect to perturbations

In this section we obtain upper boundson the | ; -distance between the distributions
of X and X. Before proceeding, we note that | -distance has a clear probabilistic
interpretation: for all randomvariables V and V takingvaluesin . with therespective
distribution vectors p and P, the quantity ||p — || is twice the variation distance
between the distributionsof V and V:

Ip =Bl =2 max |P{V € o/} = P{V € &/} (2.1)

(some authors define the variation distance as being equa to the right-hand side of
(2.1)).
For a square real matrix A = (a;) of order m, define the |, coefficient of
ergodicity by
w(A) = sup [VA]| = § max > lai - &,
Ivi=1 MES e
vel =

where e = (1,1,...,1) and ' denotes transpose. For a background on ergodicity
coefficients, see [11, 12]. Set B; = t(P(t)), t > 0. The uniqueness of the stationary
distribution of X impliesthat 85 < 1 for all s > 0; this property will be used in the
sequel. The magnitude of S5 aso alows us to judge whether or not X has a unique
stationary distribution, asis shown by Proposition 2.1.

ProPOSITION 2.1. The following three statements are equivalent:
(8) Bs<1forall s> 0;
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(b) thereexists s > 0 suchthat s < 1;
(c) thechain X hasa unique stationary distribution.
The next theorem gives perturbation bounds for the distribution of X in terms of

Bs.
THEOREM 2.1. If 0 < s< t,then

s(1- gl

Izl < BLS|1z(0)]| + (1_7

T et (t— SLt/SJ)> IEl.- (22)

For all s> 0,
slEll .

1-56

sup |z(t)[| < [|z(0)[| +
t>0

if 7 isastationary distribution of X, then

SIE|l
1-Bs

Proof. Thevectors p(t) and p(t) satisfy the equations

|7 - n| < . (2.4)

dp(t)/dt =p(t)Q,  dp(t)/dt =p(t)Q,  t=0,
which implies that
dz(t)/dt = 2t)Q + BE.  2(0) = B(0) — p(0).

The solution to thisinitial-value problem has the form

z(t) = z(0)P(t) + /t P(u)EP(t — u)du,
0
whichyields
IZO1F < IzO)P(1)]] + /O [[B(t — WEP(u)||du. (2.5)

Sincethe matrices Q and Q have zero row sums, the same holdsfor E, whichimplies
that p(t)E€ = 0. We have

Pt —uE
[B(t—wE

from the above inequality and the definition of 7(-) weobtainthat ||p(t — u)EP(u)| <
BullEll . Similarly, |z(0)P(t)|| < Bt]|z(0)|| . This, together with (2.5), gives

wa—wﬂwms‘

wﬂ“a|mrﬁa—mE¢a

t
Iz < Bellz(0)[| + IIEII/O Budu,  t>0 (26)

(thisinequality wasfirst provedin [9)]).
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For all stochastic matrices P; and Py, t(P1P2) < 7(P1)t(P2) and 7(P1) < 1.
Thisgives B; < BSWSJ foral s>0,t>0. If t >sand t/s isnotaninteger, then
Bs < 1 impliesthat B, < B/ . Thus, for t > s, we have

t t
| Butu< [ plsicu=s (L4 Bk 87 BT 4 B (- slt/s)
0 0

s(1- i)
_ [t/s] (1 —
= = A sy,

This, together with (2.6), gives (2.2). We also have

sup(lz(D)]l < IIZ(O)IIJrIIEII/O Budu,

>0

(2.7)

/ ﬁudu</ BLSldu = s(1+Bs+p2+--) = S ,
0 0 1-5s

hence (2.3) follows.
Setting P(0) = 7 and passing to thelimit as t — oo in (2.6), we obtain that

17— x| < ”E”/o Budu.

Thisinequality and (2.7) prove (2.4). O
Now we compare our results with those of Anisimov [3]. It follows from Theo-
remA.1, LemmaA.land (2.1) that if there exists such s > O that
Ps<1 —and  smax Z |aij — G| < e,
jeN{i}

then

11B(t) — € _ gltss)
3IPO) — POl < 7= (1-BE/+).

where P(t) = exp(tQ). Using this inequality, together with Proposition 2.1 and the
triangle inequality, we obtain the following bound: for arbitrary s > 0,
Izl < 112P®)] +[IPt) — P
< aoplvs + ZEN (1 gy - scr 2g)
1-5s
where Eg isthe matrix obtained from E by replacing its diagonal entries with zeros.
Itis easy to seethat

S<1_ ﬁs‘wsj) Lt/s] S<1_ ﬁS‘WSHl)
_— t—s[t/s]) < ————7—%,
1 _ ﬁs Bs ( |_ / J) 1 _ ﬁs
This inequality and Proposition 2.2 below show that our bound (2.2) is sharper than
(2.8).

O<s<t.



PERTURBATION BOUNDS FOR MARKOV CHAINS 163

PrROPOSITION 2.2. The following inequality holds:
IEIl < 2||Eoll;

inthisinequality an equality is attainedif and only if in every row of E all off-diagonal
non-zero entries are of the same sign. In thiscase, ||E|| = 2maXic.~ |&i|, Where g
aretheentriesof E.

Proof. Since 37 o G = e Gij = 0, Zjc o & = 0 and [ei] < 3 o iy 6]
forall i € . Thisimpliesthat ||E[| < 2||Eol|. The equalities |&i| = > o iy €],
i € ., holdif and only if in every row of E all off-diagonal non-zero entries are of the
samesign. When thisisthe case, ||E|| = 2||Eo|| = 2maxic.~ |€i]. O

3. Theergodicity coefficient of the perturbed chain

Sometimes it is clear from the structure of the perturbation that X does have a
unique stationary distribution (e.g. when Q s irreduci ble). In the general case, it
can be shown that if X has a unique stationary distribution and Q is sufficiently close
to Q, then X also has a unique stationary distribution. The question arises what is
“sufficiently close”; we shall give one condition for thisin terms of fs. We need the
following theorem.

THEOREM 3.1. For all t > 0,

sl { S5 820 31)
where f; = (P(t)). If z(E) > 0, then, for all s> 0,
5 st(E)
glﬁt Bl < e

Proof. For all square real matrices A and B, (A + B) < 7(A) + =(B). This
implies that .
1B — Be| < =(Z(1)),
where Z(t) = P(t) — P(t). Inasimilar way to the proof of Theorem 2.1, we obtain
that

Z(t) = /t P(u)EP(t — u)du, t>0,
which yields i
7(Z(1)) < /t 7(P(t — U)EP(u))du. (3.2)
It follows from the definition of z(-) E[)hat if A and B are square real matrices, and A

has equal row sums, then 7(AB) < 7(A)7(B). Thematrix P(t)E has zero row sums.
Thus, for al t, u > 0, we obtain that

7(P(t — WEP(W)) < 7(P(t — WE)(P()) < But(E). (33)
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This, together with (3.2) and thefact that s < 1 forall s> 0, proves(3.1).
If 7(E) # 0, then (2.7), (3.2) and (3.3) imply that
st(E)

, s> 0. O
1-Bs

supt(Z(t)) < 7(E) /Ooo Budu <

>0

COROLLARY 3.1. If Bs+ st(E) < 1 holdsfor some s > 0, then X hasa unique
stationary distribution.

Proof. If the condition of the corollary is satisfied, then the relations (3.1) imply
that Bs < 1. Applying Proposition2.1to X, weobtain theresult. [

COROLLARY 3.2. If ﬁs < 1,then
S S
-~ > .
1-Bs  1—-pBs+st(E)

If B+ st(E) < 1, then
S S

— < .
1-Bs  1-pBs—st(E)
Proof. Followsdirectly from (3.1). O

In the bounds (2.3) and (2.4), the quantity s/(1 — Bs) is in fact a ‘condition
number’ with respect to perturbationsin the generator. If we know S5, we can assess
thesensitivity of X to perturbationsby using boundson the respective condition number,
s/(1— Bs), asis shown below.

In's/(1— Bs), wecanput s= p, where p =1/ maxijc.s |qj| . Thischoiceof s
shows that if we multiply Q by a positive number greater than 1, then the sensitivity
of the chain X to perturbationsin the entries of Q will decrease. Using this approach,
we can compare the sensitivity of X and X; all we need isto compare p/(1 — Bp) and
p/(1— Eﬁ), where p = 1/ max;jcs |Gj|. This can be done using Corollary 3.2. If
the quantity 7(pQ — pQ) issufficiently small, then Corollary 3.2, applied to the chains
with generators pQ and pQ, gives

1~ < 1
1-Bs  1-Bp—1(PQ-pQ)

(3.4)

Now if p < p sothat

then (3.4) gives

1-B;  1-8p
which implies that, in the case being considered, the chain X is less sensitive to
perturbationsin the generator than the chain X.
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To conclude this section, we briefly compare our sufficient condition in Corol-
lary 3.1 with similar conditions which follow from the results of Anismov [2, 3].
Proposition A.1, Lemma A.1 and Proposition 2.1 imply that if s+ 29||Eo| < 1 for
some s > 0, then X has a unique stationary distribution. |f we use the inequality
IP(t) — P(t)]| < t||E| (implied by (1.1)) instead of Lemma A.1, we obtain the suf-
ficient condition SBs + s||E|| < 1. These results are weaker than Corollary 3.1, since
7(A) < ||A|| for every square real matrix A.

4. Applicationsto singularly perturbed Markov chains

Let ¢ beasmall positive number. Consider two singularly perturbed continuous-
time Markov chains, Xi(g) = {Xai(g, t),t > 0} and Xa(e) = {Xa(g,t),t > O}, with
state space ., generators ¢ 1Q and ¢ 1Q + Q, and distribution vectors pi(e, t)
and py(e,t), respectively. We assume that X;(e) and Xp(e) have unique stationary
distributions 71 and 7 ,(e). Note that uniqueness of the stationary distribution in the
time-homogeneous case is equivalent to weak irreducibility, an important condition in
the theory of singular perturbations for Markov chains [6]. Markov chains of the same
structure as Xj (&) can represent fast-changing processes in real-life problems, while
chains having the same structure as X,(e) can be used for modeling systems that have
slow and fast components.

For singularly perturbed Markov chains, it is of interest to investigate their as-
ymptotic behavior when ¢ — 0. For chains with sufficiently smooth generators, the
usual way of doing thisis to obtain asymptotic expansionsin terms of ¢ for the state
probability vectors [6, 7]. Here we apply the results of Section 2. to obtain bounds on
the quantity ||p1(e, t) — pa(g,t)||, as well as estimates of the rate of convergence of
p2(e,t) to w1 as € — 0; these bounds are uniform over infinite time intervals.

Let Xi(g) = {Xi(e, 7), 7 > 0} and Xo(e) = {Xa(e, 7), 7 > 0} be continuous-
time Markov chains with state space ., generators Q and Q + ¢®, and initial
distributions p;1 (e, 0) and p2(e, 0), respectively. For thevectors pi (e, 1) := pi(e, €1)
and pa(e, 1) := p2(¢, €7), the following equalities hold:

dp(e, 7)/dr = Pa(e, 7)Q, P1(e, 0) = p1(e, 0),
de(Sv T)/dT = ﬁZ(Sv T)(Q + 8@)7 f)z(g, 0) = p2(£7 0)7

therefore, p1(e, 7) and Pa(e, 7) arethedistributionsof Xi(e) and Xo(e) .
Denoteby P1(7) and P2(¢, 7) therespectivetransition probability matrices of the
chains Xi(e) and Xx(¢).

PROPOSITION 4.1. For all s> 0, we have fs := 7(Py(s)) < 1 and

se
sup ||pz(e, t) — pa(e, t)|| < lIp2(e, 0) — pi(e, O)] + ||Q||.
. - ﬁs
Proof. Applying Theorem 2.1to Xu(e) and Xo(¢), for al s > O we obtain that
S«‘3||Q||

sup [|p2(e, 7) — Pa(e, 7)|| < [[p2(e, 0) — pale, O)|| + ——=
>0 1- ﬁs
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Since sup,o||Pz(e, 7) — Pa(e, )| = SUPyso lIP2(e, ) — pale, 1)), from the above
inequality we obtain theresult. O

THEOREM 4.1. For all a> 0 and s > 0, the following inequalities hold:
fgpllpl(e, t)— mal| < BN pi(e, 0) — 74, (4.1)
>a

25/ Q)

.y (4.2)

sup|lpz(e. ) = 7]l < 72 1py(e, 0) — ma(e)|| +
>a

where 7.s = 7(P2(e, 9)).

Proof. Itfollowsthat ||pa(e, 7)— m1l| < B¢/ ||Pa(e, 0)— 74| . Setting 7 = t/e,

from this we obtain that

Ipa(e, t) — mall < B& SV |pa(e, 0) — m4]]. (4.3)
The bound (4.1) follows from (4.3) and the fact that the variation distance between
distributions of a Markov chain is a decreasing function of the time variable.

Let Wy(e) = {Wa(e, t),t > 0} and Y(e) = {Y(e, t),t > 0} be continuous-time
Markov chainswith state space . , generators ¢ 1Q+Q and ¢ 1Q, and therespective
initial distributions p2(e, @) and 1. Atanytime t > O thedistribution of W;(e, t) is
p2(e,t +a), and thedistribution of Y(e, t) is 1. Applying Proposition 4.1to Wy(¢)
and Y(¢), foral s> 0 we obtain that

o]

sup [[pz(e, a+t) — ma|| <|lp2(e; @) — maf| + ——=. (4.4)
t>0 1-ps
We have
IP2(e, @) — mall < [pale, @) — ma(e)l| + [ wale) — mall (4.5)
Applying Theorem 2.1to X;(e) and X;(€), we get
|ma(e) — mal < w s> 0. (4.6)

1-Bs
Itiseasily seenthat ||pa(e, t) — ma(e)]| < 74 ||pa(e, 0) — ma(e)|| . This, together
with (4.4)—(4.6), gives (4.2). O

In Theorem 4.1, the quantity 7. s, which gauges the speed of convergence when
e —0, itselfgependson € inacomplicated way; from thedefinition of z(-) it follows

that 7.s — Bs as € — 0. The next corollary provides a bound which is somewhat
easier to use.

COROLLARY 4.1. Forall a> 0 and s> 0,

- 25¢||C
supllpa(e, 1) — 71l < 62 [py(e, 0) — ma(e)] + 2N a)
t>a 1 — Ps
where 6, s = fis + s 7(Q).

Proof. Applying (3.1) to Xi(e) and Xp(e), and using (4.2), we obtain the re-
sult. O



PERTURBATION BOUNDS FOR MARKOV CHAINS 167

REMARK 4.1. Theright-hand sidesof (4.2) and (4.7) can be modified by using the
inequality

IP2(e, 0) — m2(e)|| < [Ip2(e, 0) — w4l + (| 72(e) — 74|

together with (4.6). We can also simplify theright-hand sides of (4.1), (4.2), and (4.7)
by using the fact that ||p — || < 2 for all probability vectors p, p.

A. Appendix

In this appendix, for the reader’s convenience, we give some important results of
Anisimov [2, 3] that are used in the paper.

Let X = {XD(t),t > 0}, i = 1 2, be two Markov processes taking values
in ameasurable space (.2, ) and having initial distributions p(.e7) and transition
probabilities p)(ty, X, tp, &7), X € 27, o € B, 0< t; < tp (thetimevariable, t,
can be either discrete or continuous). Define

(p(i)(t:l? tz) = sup |p(i)(t17 X1, t2, 'Q/) - p(i)(tlv X, t2, 'Q/)|7
X1, %€ X o B
W(tlv t2) = sup |p(l)(t17 X, ta, 'Q/) - p(Z) (t17 X t2, 'Q/)|7 t1 < to.
XX, 7B

ProPoSITION A.1. (Corollary 1 of [2]) If thereexist s> 0 and g € (0, 1) such
that

supo(t,t+53) <q (A1)
t>0

and
supy(t,t+s) < a,
t>0
where o issuchthat §:= q+ 2a < 1, then @@ (ty, tp) < Gl=W/s) forall t; < t,.

THEOREM A.1. (Theorem 2 of [2]; Theorem 1.2 of [3, Chapter 3]) Let (A.1) hold
and sup;o SUP,<s W (t, t+u) < o Then, for all t; <tp,

o
< _ glte—t)/s]+1})
vty t2) < 7= q (1 q )

Suppose now that X, i = 1,2, are continuous-time jump Markov processes
with transition rates gV (x, t, @), thatis, p(t, x, t + A, &) = q(x, t, &/)A 4+ 0(A),
Xxe X\, o €B. Weassumethat:

(a) the processes X' are uniquely defined by their transition rates;

(b) q"(x,t, <) arebounded functionsof t on every finiteinterval;

(c) qV(x,t, /) are countably additive measure functions of .o/ ;
(d) q(i)(xv t o) = q(i)(xv o\ {x}).
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LeEmmA A.1. (Lemmal.3 of [3, Chapter 3]) Ifthereexist t > 0 and s > O such
that

t+s
/ sup  |q¥(x, u, ) — q?(x, u, &)|du < a,
t xex,oeB

then y(t,t+s) < 2.
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