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Starting point: Markov chains!

Approach: perturbation bounds
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Markov chains (finite, continuous-time for now)

Motivation

▪ Logic of development      

for this approach

▪ Convenient illustration       

of the main concepts

▪ Practical significance: 

stochastic models (e.g., 

chemical master 

equation)

( )ijq=Q

transition rate matrix (generator)

( ) ( ( ))it p t=p

state probability vector

( ) / ( )d t dt t=p p Q

governing equation 

(Kolmogorov equation)

Example



A classic result and its improvement

(1) (2) (1) (2)( ) ( ) (0) (0)btt t Ce−−  −p p p p

Consider perturbed chain with  ,Q ( );tp ,= −E Q Q ( ) ( ) ( )t t t= −z p p

Perturbation bound:
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Stoch Proc Appl 1994)
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Improved bound:

1

0

sup ( ) (log 1) (0)
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(Mitrophanov, 
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(if nonzero)

Ergodicity!

Suppose thatLet be the 1-norm (total variation distance)..

Convergence rate is the 

main determinant of 

stability under perturbations  
(because of the log)

Works for both 

transient and 
equilibrium regimes

Handles combined 

perturbations: initial 

conditions and the “right-

hand side”

Extends to the time-

inhomogeneous, 

countable state-space 

case (Zeifman et al., Inform 

Primen 2011; Stoch Models 

2012; Mathematics 2018)

Features of the improved perturbation bound



Related perturbation results

{0,1, , }N − state space

0 10, , , N  = − eigenvalues of the generator ;Q
0

min | |i
i

 


=

( )i=π − unique steady state

Then

1N−− π π E

Suppose now that 

(Mitrophanov, 

Theory Probab Appl 2006)

Q is reversible (“detailed balance”):

i ij j jiq q =

Then
1 1

0

sup ( ) (0) 66 ( 1)
t

t e e N− −



 + −z z E
(Mitrophanov, 

J Appl Probab 2004)

Ergodicity!



General state space ( , );S  P − unperturbed and perturbed

   transition operators

Unique invariant measure: P =

Uniform ergodicity:

Pand

0
n np P C −  for all 0 ,p n +

Denote 0 ,n
np p P= 0 ,n

np p P= ,n n nz p p= − E P P= −

Perturbation 

bound:

ˆ

0 ˆsup ,
1

n

n
n

C
z z n E





 
 + +  − 

where 1ˆ logn C
− =

 
(Mitrophanov, 

J Appl Probab 2005)
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ˆ

ˆsup ,
1

n

n
n

C
z n E





 
 +  − 

where
1ˆ logn C
− =

 
(Mitrophanov, 

J Appl Probab 2005)

…But, what if the unperturbed chain is not uniformly ergodic?

Geometric ergodicity: 0 0( ) ,n np P C p −  n +

This is a subject of much ongoing work (“BIG DATA”!)

One approach is to extend the results above using the Wasserstein 

distance (instead of total variation): Rudolf and Schweizer, Bernoulli 2018

( , )
( , ) inf ( , ) ( , )

M
G

W m x y d x y
  

  


= 

[ for a metric                ]( , )m x y



Now, what about nonlinear dynamical systems?

/ ( , ) ( , )d dt t t= +x f x d x

Assumption − the unperturbed system is globally contracting: 

For 

1

0

sup ( ) (0)
t

t b d−



 +z z

( , )t dd x

( ) ( ) ( ),t t t= −z x x

(Del Vecchio and Slotine, 

IEEE Transact Automatic 

Control 2013; Gyorgy and Del 

Vecchio, PLOS Comput Biol 

2014)

/ ( , )d dt t=x f x

(1) (2) (1) (2)( ) ( ) (0) (0)btt t e−−  −x x x x “Ergodicity”!

− unperturbed system (finite-dimensional) 

− perturbed system;



Open problem: stochastic perturbations

/ ( , )d dt t=x f x

/ ( , )d dt t Noise= +x f x

− unperturbed system (deterministic)

(1) (2) (1) (2)( ) ( ) (0) (0)btt t e−−  −x x x x

1Dist( ( ), ( )) Dist( (0), (0)) Const Magnitude( )t t b Noise− + x x x x

Then, does the following hold? 

?

“Ergodicity”!

Assumption − the unperturbed system is globally contracting: 

− perturbed system (stochastic)



▪ Ergodicity bounds can have an extra benefit:                       

a perturbation bound

▪ This may be a universal phenomenon                                      

(think central limit theorem, large numbers law, etc.)

BOTTOM LINE

Exponential 

Lyapunov-type 

stability

Stability under 

perturbations in the 

governing equation

perturbed 

initial conditions

perturbed 

“right-hand side”



Stochastic processes to investigate for this

▪ Markov jump processes (general state space, 

continuous time)

▪ Diffusions (recent progress)

▪ Stochastic (partial) differential equations

▪ Semi-Markov processes

▪ Markov processes in a random environment

▪ Branching processes

▪ . . .  
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